Abstract. We re-investigate the radiative charged kaon decay
Introduction
A particularly useful concept for the investigation of radiative processes is the decomposition of the transition amplitudes in an inner bremsstrahlung (IB) and a structure dependent (SD) part. The bremsstrahlung part is non-vanishing (in fact, divergent) in the soft photon limit, and it can be, according to Low's theorem [1] , expressed entirely in terms of the corresponding non-radiative amplitude and derivatives thereof; in terms of Feynman diagrams, it corresponds to photon radiation off the external charged particles. Only the structure dependent part contains genuinely new information on the photon coupling to intermediate hadronic states.
Low's theorem was applied to radiative K ℓ3 decays in Refs. [2, 3] . As is often the case for processes where bremsstrahlung is not forbidden by some mechanism, the IB part of the amplitude was found to be largely dominant in the partial decay widths, and so several of the earlier studies (see e.g. Ref. [4] ) rather concentrated on precision tests of soft photon theorems. Only with the advent of modern high statistics kaon decay experiments has it become feasible to measure a relatively rare decay channel to the required precision such as to even find effects of structure dependent contributions.
Experiments typically concern the branching ratio relative to the corresponding non-radiative process K ± → π 0 e ± ν e [K as well as a minimal photon-positron opening angle θ cut eγ (both in the kaon rest frame) are specified. Experimental results for the relative branching ratios R for K ± e3γ are shown in Table 1 , where we display the dependence on the angular cut in degrees, although in some of the original publications only the cosine is mentioned. Ref. [5] also includes values for R with different photon energy cuts (but always for the same angular interval). One should note that the results of the analysis in Ref. [6] explicitly refer to the decay probability of an inner bremsstrahlung radiative process. We have omitted earlier experimental data in Table 1 , with statistics determined by less than 20 candidate events, see Refs. [9, 10] .
New experimental efforts that ought to supersede most of the previous results are under way at NA48/2 [11] and KEK-E470 [12] , and ought to record more detailed information than just the partial widths, in particular precise photon energy distributions in order to extract information on structure dependent terms. They are likely to significantly surpass the statistics obtained in the most re-+ e3 decays cent measurements of the corresponding neutral kaon decay mode K L → π ∓ e ± ν e γ [K 0 e3γ ] [13] [14] [15] , therefore more precise results on structure dependent terms in K + e3γ ought to be feasible than obtained for those in K 0 e3γ in the pioneering investigation of Ref. [13] .
The appropriate theoretical tool to match such experimental refinements is chiral perturbation theory (ChPT) [16, 17] , the effective field theory of the Standard Model at low energies. Radiative K ℓ3 decays were calculated up to order p 4 in the chiral expansion in Ref. [18] (see also Ref. [19] for an earlier tree-level calculation), and in Ref. [20] this work was extended and combined with the useful aspects of the Low expansion for K 0 e3γ . It is the aim of the present article to apply the ideas and methods developed in Ref. [20] to K + e3γ decays. In Sect. 2, we present the necessary formalism on the K + e3γ decay amplitudes, in particular the IB-SD separation. ChPT results on structure dependent terms are discussed analytically and numerically in Sect. 3 , where in particular we present the complete O(p 6 ) results for the axial amplitudes. In Sect. 4, we derive our prediction for the ratio of branching ratios R and give a detailed account of the uncertainties in such a prediction. Sect. 5 discusses the possibility to extract information on structure dependent terms from differential decay distributions, and in particular on the axial anomaly in this decay. Finally, we summarize our findings in Sect. 6 .
In this work, we disregard the interesting topic of Todd correlations in K + e3γ decays, which was discussed in detail in Refs. [21] [22] [23] .
Formalism
In the following, we consider the decay channel
and its charge conjugate mode. We only study the emission of a real photon, that is q 2 = 0.
The decay amplitude
The transition matrix element for K + e3γ has the form
2)
The relevant diagrams are displayed in Fig. 1 . The first term of (2.2) corresponds to diagram a), which includes bremsstrahlung off the charged kaon, while the second one corresponds to the radiation off the positron, represented by diagram b). We have introduced the hadronic tensors V µν and A µν ,
with
whereas F ν is the K + e3 matrix element
The tensors V µν and A µν satisfy the Ward identities
which imply gauge invariance of the total amplitude (2.2),
The K + e3γ amplitude can be decomposed into inner bremsstrahlung and structure dependent parts. We require these two amplitudes to be separately gauge invariant, and the SD part to be of order q and higher in an expansion in powers of the photon momenta. According to Low's theorem [1] , the IB terms, which comprise the part of the amplitude non-vanishing for small photon momenta (and in particular the infrared divergent pieces), are given entirely in terms of the K
[We use the form factors f + , f 1 instead of the more conventional f + , f − = f 1 − f + in order to be able to write the IB amplitude in a slightly more compact form below.] This splitting of the matrix element implies a corresponding splitting of the hadronic tensors V µν and A µν . The axial correlator A µν consists of structure dependent parts only, and can be expressed in terms of four scalar functions A i , i = 1 . . . 4, where
(We use the convention ǫ 0123 = +1.) Note that in comparison to Refs. [18, 20] , we have factored out the kaon pole explicitly in the definition of the structure function A 3 .
The decomposition of the vector correlator reads 10) where the SD piece is chosen such that
For a given choice of V SD µν , the structure dependent part of the decay amplitude T in (2.2) is defined to be 12) whereas the bremsstrahlung part is T IB = T − T SD . It remains to explicitly construct the decomposition (2.10). This is done explicitly in Appendix A, where we derive the form of V IB µν in terms of f + and f 1 as
A slightly different representation for the IB amplitude was already derived in Refs. [2, 3] . It differs from the one given above by terms of order q. An important feature of the form (2.13) is the fact that it contains all singularities at pq = 0 in the sense that the complete residue at pq = 0, which is a non-trivial function of the momenta p, p ′ , and q, is contained in it, and no terms like (qW ) 2 /pq (which is formally of order q) are shifted to the structure dependent tensor.
The structure dependent part of the vector correlator can also be expressed in terms of four scalar functions V i , i = 1 . . . 4, in a basis of gauge invariant tensors according to [24] 
(2.14)
Kinematics
We briefly collect the essential information on the kinematics of this decay. The Lorentz invariant amplitudes A i , V i are functions of three scalar variables, which we often take to be
These variables are particularly useful in the discussion of the analytic properties of V i , A i . The physical region in K e3γ decays can be represented as follows: for fixed W 2 , the variables s, t, and u vary in the range 16) where λ is the usual Källén function,
π 0 denotes the neutral pion mass in this work. Varying the invariant mass squared W 2 of the lepton pair in the interval
generates the region covered by s, t, u in K e3γ decays. Instead of s, t, u, we also use
where E * γ , E * π are the photon and the pion energy in the kaon rest frame. These variables are often useful when discussing partial decay widths.
For the four-body decay K + e3γ , one needs five independent variables to describe the kinematics of the decay completely. We choose the two additional scalar products 20) where E * e is the positron energy in the kaon rest frame. The dimensionless variable x is related to the angle θ * eγ between the photon and the positron:
The smallness of the electron mass leads to a nearvanishing of x for collinear electron and photon momenta, and hence to a near-singularity, which is avoided by cutting on the angle θ * eγ . The total decay rate is given by
where d LIPS (p; p ′ , p e , p ν , q) is the Lorentz invariant phase space element for the K + e3γ process.
1 When performing 1 For the decay of a particle of momentum p into n particles of momenta p1, . . . , pn, one has dLIPS(p; p1, . . . , pn) = δ In Ref. [18] , the chiral expansion was carried out to order p 4 for both the neutral and the charged decay modes (one-loop order). We do not describe that calculation in any detail and only quote the result, adjusted to the separation between bremsstrahlung and structure dependent terms. The axial amplitudes are given in terms of the Wess-Zumino-Witten anomaly term [25, 26] , the result is
The vector structure functions V i were shown to be given as
where the functions
are defined in Ref. [18] . It was pointed out in Ref. [18] that these functions are real throughout the physical region. In fact, cuts only
2 , therefore far from the phase space boundaries, which is why the V i at this order are smooth and well-behaved, and even constant to a high degree of accuracy. They can therefore be approximated by a seemingly drastic simplification, namely by their values at the special kinematical point
This corresponds to an expansion to leading order in the photon momentum q, plus setting t = 0. The rather compact and simple result reads
+ O(q, t) ,
3)
, and we have made frequent use of the Gell-Mann-Okubo relation. See (D.6) for a definition of the scale-independent low-energy constants L 9 ,L 10 . We remark that the expressions for V 1 and V 3 in (3.3) are identical to the equivalent approximations in the neutral kaon decay mode quoted in Ref. [20] .
Analytical results at order p 6
As the above-described results for the structure func-
are the leading contributions in the chiral expansion, and as the chiral expansion involving strangeness does not necessarily converge very fast, it is mandatory to understand the structure of higher-order corrections in order to give realistic estimates of the structure dependent terms.
The analytic structure of the tensors V µν , A µν was investigated in detail in Refs. [20, 23] . The main results of those investigations are:
1. Due to strangeness conservation, cuts in the variables t, u, W 2 can all start only at (M K + M π ) 2 , which is far outside the physical region. As in the case of the vector structure functions at O(p 4 ), these cuts are expected to hardly affect the momentum dependence of the V i , A i inside the decay region, where they can therefore be approximated by polynomials. 2. At higher order in the chiral expansion, there are twoand three-pion cuts in the s-channel that make the structure functions complex. These cuts were discussed in great detail in Ref. [23] . Due to the photon in the final state, all the diagrams developing imaginary parts have a P -wave characteristic, i.e. the imaginary parts rise only slowly above threshold, and a cusp-like structure in the real parts is smoothed out (
in the case of the two-pion cuts). For our purposes, the real parts of the structure functions can therefore still be regarded as "smooth".
The main purpose of the analysis of higher-order corrections is therefore to see how large the corrections to the averaged (constant) structure functions might be.
Complete order p 6 corrections to the axial amplitudes
We have calculated the complete O(p 6 ) corrections to the axial structure functions A 1 , A 2 , and A 4 . The contribution of A 3 to the squared matrix element is always suppressed by a factor of m 2 e /M 2 K ≈ 10 −6 and is therefore neglected.
The generic structure is as follows:
The explicit forms for the various loop functions as well as the combinations of low-energy constants entering the expressions (3.4) can be found in Appendix C. In particular, the constant terms X 1,2 in (3.4) contain terms proportional to the strange quark mass, and are therefore potentially big. We remark that by renormalizing the order p 4 amplitudes according to F 2 → F π F K , all dependence on the low-energy constants L 4 and L 5 is absorbed in the physical meson decay constants.
Polynomial corrections to the vector amplitudes
A complete evaluation of the vector structure functions at order p 6 requires a full two-loop calculation and is beyond the scope of this article. In order to gain a basic idea about potential higher-order corrections, we content ourselves with an investigation of just polynomial contributions. Note that the loop contributions with cuts in the physical region are known to be tiny at this order [23] .
The polynomial part for the V i can be calculated from the Lagrangian L 6 [27, 28] . For the form factors V 1 , V 2 , it contains all possible terms linear in s, t, u,
The numerically potentially largest corrections for V 1 , V 2 turn out to be the terms suppressed by a factor M 2 K /(4πF ) 2 with respect to the leadingL 9 ,L 10 contributions. The (leading) polynomial contributions for V 3 , V 4 , which only appear at O(p 6 ), are constant. We have furthermore calculated the contributions of the form L i × L j at order p 6 . In analogy to what was done above for the axial structure functions, we find that a renormalization of the order p 4 couplings according to F 2 → F π F K takes care of all such terms. This information is used for the numerical evaluation of the structure functions below, where such a normalization is chosen in order to minimize higher-order corrections.
Numerical evaluation of structure dependent terms
In Table 2 , we summarize the numerical evaluation of the various structure dependent terms. We use the parameters and numerical values specified in Appendix D. In particular, we neglect any variation in the order p 4 low-energy constants L 9 , L 10 , the effect of which should be generously covered by the uncertainty in the order p 6 contributions estimated below.
The averages V i , A i in the first column of Table 2 , referring to the values of the structure dependent terms at order p 4 , are obtained by integrating the structure functions over phase space and dividing by the phase space 
volume; the quoted uncertainties are the 1σ errors of this averaging procedure. These are therefore no realistic estimates of the uncertainties of the mean values, but only serve as an illustration to what extent the approximation of the V i being constant at this order is justified. It is seen that the variation within physical phase space is absolutely negligible. This is, on the one hand, due to the absence of cuts, but also to the fact that V 1 and V 2 are (at the scale of the ρ mass) numerically dominated by counterterm contributions, which are in turn necessarily constant at this order. For comparison, we also show the values of the V i at the special kinematical point
, which are consistent with this picture.
A numerical assessment of the corrections at next-toleading order (p 6 ) is much more difficult, essentially due to the large number of unknown low-energy constants. For the axial structure functions that we have calculated completely, we proceed as follows: by averaging the (real parts of) the loop contributions at a scale µ = M ρ over phase space, we calculate the shifted mean values A i ; the counterterm contributions are added as the essential uncertainty. This uncertainty is determined by examining the scale dependence of the combined counterterm contributions. If the scale is varied such that the corresponding logarithms change by one, we find for the counterterm parts of A 1,2
As there are no loop contributions to A 4 , the corresponding counterterm combination is separately scale independent, and we have to utilize an even simpler order-ofmagnitude estimate with the result
In order to obtain simple error ranges for A 1,2 , we again average the momentum dependent terms over phase space. It is seen that the largest contributions to the uncertainty stem from constant terms ∝ M 2 K . In this sense, within the accuracy at which these structure functions can presently be predicted, we can even neglect the momentum dependence and approximate the structure functions by constants.
The results thus obtained for the A i are displayed in the third column of Table 2 . We note that the uncertainties for A 1,2 are of the size of typical chiral SU(3) corrections of about 30%.
For the V i , we use the same order-of-magnitude arguments concerning higher-order contributions as in Ref. [20] . The uncertainty for the dominant structure function V 1 is estimated to be of the order of 30%; as V 2 is suppressed at leading order, we scale its uncertainty by a factor of 2. The (constant) counterterm contributions to V 3,4 are estimated by dimensional arguments similar to that for A 4 discussed above. All the numbers are collected in the third column of Table 2 .
The ratio R
The ratio R defined in (1.1) is a particular useful quantity to consider in K e3γ decays, as it is both the quantity that is naturally measured in experiment (as opposed to the branching ratio Γ (K e3γ )/Γ all ), and can be predicted in a clean way theoretically.
We repeat here the corresponding discussion of R for the neutral kaon decay in Ref. [20] for the decay channel K + e3γ . As the layout of the formalism is analogous to the neutral channel, we shall be rather brief and only comment in more detail on the numerical results.
For the moment, we neglect radiative corrections and isospin breaking and denote R in the absence of virtual and real photon corrections by R,
We will comment on radiative corrections in Sect. 4.4. We define the quantity SM by
such that d LIPS SM is dimensionless and contains no further (electroweak) coupling constants. By factoring out f + (0) 2 , SM only contains the normalized form factor f + (t) = f + (t)/f + (0). The non-radiative width Γ (K + e3 ) is conventionally written as
where
, and A(y, z) = 4(z + y − 1)(1 − y) + r e (4y + 3z − 3)
− 4r π + r e (r π − r e ) , (4.4) 
The expression for R in terms of these reduced phase space integrals is then of the same form as for the neutral decay mode [20] ,
(4.5)
We will occasionally also refer to a ratio R IB , which is understood to be calculated according to (4.5) , with all structure dependent contributions in SM omitted. 6) one may expand the integral in the denominator according to
Phase space integrals
where the numerical values for the a i are collected in Table 3 . We point out that we have used the physical (charged) kaon and (neutral) pion masses everywhere, such that the kinematics in the phase space integral correspond to the physical situation. Similarly we can expand the phase space integral for the radiative decay in terms of K e3 form factor parameters according to
The integral I γ and the coefficients b i depend on the experimental cuts E • are displayed in Table 4 . Where applicable, the coefficients have been decomposed into their bremsstrahlung and their structure dependent parts. The relative size of the structure dependent contributions as predicted by ChPT is very similar to the neutral kaon decay channel, they reduce the width by about 1%. The uncertainties quoted in Table 4 refer to the estimated higher-order contributions in the structure dependent terms as discussed in Sect. 3.3. −0.012 ± 0.004 −0.03 ± 0.01 −0.10 ± 0.03 Table 5 . Coefficients for theλ+,λ ′′ + dependence of R IB , R. The error margins for the R coefficients are due to uncertainties in higher-order contributions to the structure dependent terms. 
Form factor dependence of R
We can now study the dependence of R (R IB ) on the form factor parametersλ
2 , where we choose λ c + = 0.0294 as a central value for the slope parameter λ + . We expand R according to
and R IB accordingly (with expansion coefficients c IB i ). We show the numbers for the coefficients c i , c IB i in Table 5 . We find that although there is a significant cancellation between the λ + , λ ′′ + dependence of numerator and denominator, the cancellation is not quite as complete as for the K 0 e3(γ) channel [20] . Going from a point-like form factor (λ + = 0) to the physical one λ + = λ c + induces a change of about 1.3% in R or R IB . On the other hand, R and R IB are remarkably stable within the range of uncertainties of the measured slope parameters. Even if the latest experimental results that determine λ ′′ + [29] [30] [31] [32] do not agree perfectly with each other, all these results combined show a strong (anti)correlation between λ + and λ ′′ + (see e.g. Fig. 8 in Ref. [32] ). If we vary (λ + , λ ′′ + ) in the parameter space indicated by the different 1σ ellipses of Refs. [29] [30] [31] [32] , we find that R differs from R(1, 0) by less than a permille. With the present knowledge of the form factor f + (t), it is therefore already possible to predict R to excellent precision, and the biggest uncertainty (of the order of 0.4%) stems from unknown higher-order corrections in the structure-dependent terms.
Dependence on the experimental cuts
We briefly study the dependence of the parameters in (4.9) on the experimental cuts by displaying their values for the alternative cuts E cut γ = 10 MeV, θ cut eγ = 10
• in Table 6 . In addition, for historical reasons we also show results for the angle range 26
• ≤ θ * eγ ≤ 53 • in combination with E cut γ = 10 MeV, compare Table 1 . R, R IB of course depend strongly on the cut values. The dependence on the form factor parameters, however, remains very mild also for these different cuts. In particular, the ratio R is even more stable with respect to variations of the form factor parameters, i.e. the variation of λ + , λ ′′ + in the range of the latest experimental results, as described above, leads to a change in R below the permille level. As the difference between the coefficients c i and c IB i is as small for all cuts as for the standard ones discussed in the previous subsection, we refrain from showing the c IB i in Table 6 .
Isospin breaking and radiative corrections
As we can predict the ratio R to surprising precision of about half a percent, using Low's theorem, the experimentally available information on the K e3 form factor f + , and ChPT for the structure dependent terms, we have to comment on isospin breaking corrections, generated by real and virtual photons and the light quark mass difference m u − m d = 0, which may clearly have an impact at the percent level.
As radiative corrections comprise the radiation of (additional) soft real photons, we have to specify the precise meaning of the ratio R as defined in (1.1), in the presence of virtual and real photons. We define the denominator to be the fully inclusive width K + → π 0 e + ν e (nγ), where (nγ) denotes any number of photons of arbitrary energy. In analogy, the numerator in (1.1) refers to the measurement of radiative K + e3 decays with at least one photon fulfilling the cut requirements E * γ > E cut γ , θ * eγ > θ cut eγ , plus arbitrary additional photons.
A complete calculation of radiative corrections in R is beyond the scope of this article. Below, we argue that the most sizeable effects can easily be taken care of, and that the unknown corrections can reasonably be expected to be small.
1.
As was already argued in Ref. [20] , the large short distance enhancement factor S EW ∝ log M Z /M ρ that renormalized the Fermi coupling constant G F [33] [34] [35] applies identically in numerator and denominator of R, so it cancels in the ratio. 2. In Ref. [34] , isospin breaking corrections in K e3 were calculated in chiral perturbation theory up-to-and-
Parts of these can be collected in a modified value for f + (0), which still cancels in R. In addition, the parameters a i describing the slope parameter expansion of the K e3 phase space integral are shifted, the modified coefficients of the expanded phase space integral are given in Table 7 . As in Ref. [34] , the contribution of (single) real photon radiation was restricted to pion/electron momenta in agreement with non-radiative kinematics, we re-modify the coefficient a 0 to be fully inclusive again, increasing it by 0.51%. 3. The part of this estimate that is necessarily incomplete concerns isospin breaking corrections to the numerator of R. Radiative corrections that are potentially large are those enhanced by electron mass singularities. As we have defined the numerator of R to be inclusive with respect to additional photon radiation, such electron mass singularities should, according to the KLN theorem [36, 37] , be taken care of by evaluating the running coupling constant at the scale of the kaon mass,
. In Ref. [34] , a part of these large logarithms are absorbed into f + (0), which reduces the correction in the numer-
4. We expect the remaining, non-enhanced, radiative corrections to be small, of the order of α/π. As a conservative estimate, we assign a relative uncertainty due to these of the size ±∆ em = ±5α/π ≈ ±0.01. 5. Finally, corrections in the numerator due to the light quark mass difference that are not local and absorbed in f + (0) are expected to be tiny and are neglected.
Summing everything up, we find that the corrections in the denominator of R plus the remaining electron mass logarithms enhance R by 1%. The estimated uncertainty in other radiative corrections is larger than that from higher-order chiral corrections in the structure dependent terms. Our combined predictions, for the various cut combinations discussed before, are summarized in Table 8 .
We briefly compare the predictions in Table 8 to the experimental results shown in Table 1 . We find very good agreement with Ref. [5] as well as with the standard cuts result in Ref. [8] , while the values for R reported in Ref. [6, 7] as well as the one for the angular cut range 26
• − 53
• in Ref. [8] are a bit below the theoretical values, though disagreement hardly exceeds 1σ deviation. Clearly, forth- coming even more precise determinations of R [11, 12] are very welcome. In Ref. [8] , the ratio R is also given with no cut on θ * eγ , see Table 1 . It is difficult to provide a precise theoretical value of R for this situation, because the electron mass singularity renders the numerical integration over phase space unstable. While our calculation suggests a rather bigger value for R than what is quoted in Table 1 , we refrain from working out a precise result. We do not, therefore, provide a final number in Table 8 .
Structure dependent terms in differential rates

Photon energy distribution
It is obvious from the results of the previous section that a precise measurement of the ratio R is insufficient to determine structure dependent terms in K + e3γ : the shift in R is tiny and easily overwhelmed by the uncertainty in radiative corrections. It seems therefore more promising to use the more detailed experimental information contained in differential distributions for this purpose. In a pioneering study, the KTeV collaboration has attempted such an extraction of structure dependent contributions for K 0 e3γ decays [13] by measuring the photon energy distribution, and their results were analyzed in detail in Ref. [20] . Here we provide the theoretical basis for such an analysis for K + e3γ , together with the chiral prediction for the outcome of such an extraction.
Among the various differential rates that may potentially be investigated, the one with respect to the pho- ton energy E * γ is predestinated for a separation of bremsstrahlung and structure dependent terms, as the different behavior of both at small E * γ is the defining property to distinguish between the two contributions.
In the decomposition of the photon energy spectrum, we neglect terms that are proportional to structure dependent terms squared, and we use the working assumption discussed in Sect. 3 that the structure functions can reasonably well be approximated by constants. The photon energy distribution thus reads
Here dΓ Vi /dE * γ is defined to be the part of the spectrum proportional to V i , etc., and ∆V i , ∆A i stand for the errors made by the approximation of constant structure functions.
We remind the reader that V 3 , A 3 are suppressed by m 2 e /M 2 K and are therefore essentially unobservable. Furthermore, we find that the distributions dΓ V4 /dE * γ , dΓ A4 /dE * γ are considerably smaller than the other structure dependent parts of the spectrum; adding to that the observation that V 4 , A 4 are suppressed by two orders in the chiral expansion with respect to V 1,2 , A 1,2 , we neglect these structures and only discuss the effects of V 1,2 , A 1,2 for simplicity reasons.
The remaining parts of the photon spectrum dΓ X /dE * γ are shown in Fig. 2 . Note that in order to put all spectra in one plot, the bremsstrahlung spectrum has been scaled down by two orders of magnitude. While dΓ IB /dE * γ displays the expected 1/E * γ singularity for small photon energies, the structure dependent parts dΓ X /dE * γ with X = V 1 , V 2 , A 1 perturb the pure bremsstrahlung spectrum all essentially in the same way: they rise linearly with E * γ for small energies, are bent down by phase space at maximum photon energies, and display a maximum between 80 MeV and 100 MeV. Even though the strength of the perturbation varies, the shape is nearly the same for all three. Only the distribution dΓ A2 /dE * γ has an additional node in between and is therefore suppressed.
Similarly to the neutral kaon decay channel [20] , we find that the bremsstrahlung spectrum is perturbed by a function f (E * γ ), where
The information on the SD terms is contained in the effective strength X that multiplies f (E * γ ),
Taking into account the chiral predictions for the various averaged structure functions, see Table 2 , we find that X is dominated by V 1 and A 1 , both of which contribute with comparable strength. Corrections from V 2 , A 2 are suppressed effectively by roughly a factor of 20. Numerically, we predict the effective strength X to be
We therefore conclude that a significant part of the structure dependent photon spectrum is due to the chiral anomaly (A 1 ). This is different from the decay K 0 e3γ [20] , where A 1 vanishes at O(p 4 ), and the contribution of A 2 to the photon spectrum is comparably suppressed as in Fig. 2 . The importance of the chiral anomaly for the existence of various contributions to T -odd correlations in K + e3γ was emphasized in Ref. [23] , therefore it plays a significant role in the phenomenology of this process.
Other distributions
It is particularly interesting to trace back effects of the chiral anomaly even more clearly, i.e. we would like to separate the contributions of V 1 and A 1 that can only be measured as a (weighted) sum in the photon energy distribution. This turns out to be rather difficult: in many differential distributions, both are practically indistinguishable from each other and/or from the dominant bremsstrahlung spectrum. Two notable exceptions are shown in Fig. 3 : the distributions with respect to the (cosines of) the angles between electron and pion, as well as between neutrino and photon, show strongly different behavior in backward directions for the parts of the spectra proportional to V 1 and A 1 . In particular, dΓ A1 /d cos θ * eπ , dΓ A1 /d cos θ * νγ go through zero here. A strategy for an advanced study of structure dependent terms that tries to disentangle the two most important SD contributions V 1 and A 1 on purely experimental grounds, without input from ChPT, might therefore proceed along the following lines:
1. determine the effective strength X ≈ V 1 + 0.7 A 1 from an analysis of the photon energy spectrum; 2. use this constraint for an additional fit to the angular spectra dΓ/d cos θ * eπ and/or dΓ/d cos θ * νγ in order to determine V 1 and A 1 separately.
The (numerically) subleading structure functions V 2 , A 2 are, due to their smallness, even more difficult to determine. In principle, one finds a similar picture for these as in the case of K 0 e3γ [20] : the distribution dΓ V2 /dE * π peaks at lower pion energies than bremsstrahlung and the dominant structure dependent terms, and dΓ A2 /d cos θ * eγ produces a slightly enhanced variation in backward di- rections. However, these effects are expected to be much harder to measure even than the structure dependent modification of the photon energy spectrum.
We want to briefly comment on the differential distributions dΓ/d cos θ * eγ , the different contributions to which are displayed in Fig. 4. [Note again that the bremsstrahlung contribution is scaled down by two orders of magnitude with respect to the structure dependent ones.] In Ref. [8] , a discrepancy between data and Monte Carlo was found for cos θ * eγ ≈ −1, and the authors comment that this "could possibly be interpreted as a direct emission effect". It is obvious from Fig. 4 that ChPT makes this claim untenable: the effects of structure dependent terms are too small and in particular far too flat in their angular distributions to produce a visible peak as seen in Fig. 8 of Ref. [8] . The resulting total curve IB+SD would still lie within the width of the grey line for the IB contribution shown in Fig. 4 .
Conclusions
In this article, we have analyzed various aspects of K + e3γ decays, spinning forth previous work on K 0 e3γ . Our findings can be summarized as follows:
1. We have constructed a decomposition of the K + e3γ decay amplitude into an inner bremsstrahlung and a structure dependent part, in the absence of radiative corrections, that guarantees that the SD part has no non-trivial analytic properties except for unitarity cuts. 2. By applying this decomposition to the chiral representation of the K + ℓ3γ amplitude of order p 4 [18] , we derive the leading chiral predictions for the structure functions. The axial structure functions that are given in terms of the Wess-Zumino-Witten anomaly are constant, while the vector structure functions, although given in terms of complicated loop functions, are shown to be free of cuts in the physical region and therefore smooth and very close to constant. 3. We consider higher-order corrections of order p 6 to the structure functions, in particular, we present the complete order p 6 expressions for the axial terms. Although cuts in the physical region due to intermediate twopion states appear, their cusp behavior is shown to be of P -wave type and therefore suppressed, such that the real parts of the A i are still smooth to a reasonable approximation. The size of (incomplete) higher-order polynomial corrections to the vector structure functions is estimated to be of natural size for chiral SU (3) corrections. 4. We have investigated the stability of the prediction of the relative branching ratio R, normalized to the non-radiative width, with respect to K e3 form factor parameters. Within the range of uncertainty of the available experimental information on these parameters, R is shown to be remarkably stable at the permille level. Structure dependent terms reduce R by about 1%. Our combined prediction for experimental cuts of
where the uncertainty is dominated by unknown radiative corrections. Predictions for other cut values were also given in Table 6 . 5. We have discussed how to extract a linear combination of structure dependent terms from an experimental analysis of the differential rate dΓ/dE * γ . In contrast to K 0 e3γ , the axial anomaly contributes significantly to the perturbation of the bremsstrahlung spectrum, such that effects may actually be visible in K + e3γ . As a second step, we have pointed out that angular distributions of the type dΓ/d cos θ * eπ and/or dΓ/d cos θ * νγ may allow for a disentanglement of the two dominant structure dependent terms V 1 and A 1 .
It would be extremely interesting and rewarding to see the various predictions tested by the modern high-statistics kaon decay experiments such as NA48/2 [11] or KEK-E470 [12] , in particular to find unambiguous signals for the physics behind the structure dependent terms.
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K , corresponding to the intermediate K + state. We isolate the contribution of this pole by writing
where W = p − p ′ − q. In the following, we assume that this is the only singular part at q = 0 in the tensor V µν , or, in other words, thatṼ µν is regular at q = 0. This is the only assumption in the derivation of the final expression for the IB term. We have checked that it is true at oneloop order in ChPT, and we see no reason why it should not be correct to any order, and thus true in QCD.
We write this regular part as
The Ward identity (2.6) generates three conditions onṼ µν that can be written as
The first equation can be solved for v 0 . Furthermore, we set
and find
We use the fact that the Lorentz invariant amplitudes v i are defined for any value of the kinematic variables p ′ q, qW , and that the amplitudes are assumed to be nonsingular at p ′ q = 0. It then follows thatṽ 5, 6 are proportional to p ′ q,ṽ
where the sign and the numbering is chosen for convenience. Finally, we obtain
Collecting the results, we find that V SD µν can be written in the form displayed in (2.14), with
(A.9) (3.3) contains the explicit expression of the form factors V i in the limit q = 0, t = 0, illustrating that they indeed are non-singular at q = 0 at next-to-leading order in ChPT, as mentioned above.
B Traces
Here, we give the explicit expression for the sum over spins in |T | 2 in the limit where the relevant traces are evaluated at m e = 0. We write
For the neglected terms proportional to imaginary parts in the structure functions V i , A i , see Ref. [23] . With this convention for N , the right hand side in (B.1) is dimensionless. In the limit m e = 0, we immediately have
We use the abbreviations 4) and decompose all the coefficients according to a i =â iāi etc., where the prefactorsâ i ,b i . . . are collected in Table B.1. We obtain the following expressions for the coef- We stick to the low-energy constants chosen in Ref. [20] , 
